Abstract. Let p be an odd prime. We give an unconditional proof of the equivariant Iwasawa main conjecture for totally real fields for an infinite class of one-dimensional non-abelian p-adic Lie extensions. We then show that the p-primary parts of refinements of the (imprimitive, not necessarily abelian) Brumer and Brumer-Stark conjectures are implied by the equivariant Iwasawa main conjecture. Crucially, neither result depends on the vanishing of the relevant Iwasawa µ-invariant.
Introduction
This article consists of two main parts. First, we give an unconditional proof of the equivariant Iwasawa main conjecture (EIMC) for totally real fields for an infinite class of one-dimensional non-abelian p-adic Lie extensions. This is achieved by carefully studying the structure of certain noncommutative Iwasawa algebras and is mainly algebraic in nature. Second, by using new arithmetic ideas we show that the EIMC implies the p-primary parts of refinements of the imprimitive Brumer and Brumer-Stark conjectures. These latter conjectures are classical when the relevant Galois group is abelian, and have been generalised to the non-abelian case by the second named author [Nic11a] (independently, they have been formulated in even greater generality by Burns [Bur11] ). By combining the two main results, we give unconditional proofs of the non-abelian Brumer and Brumer-Stark conjectures in many cases. We stress that neither of the main results depends on the vanishing of the relevant Iwasawa µ-invariant.
Let p be an odd prime. Let K be a totally real number field and let K ∞ be the cyclotomic Z p -extension of K. An admissible p-adic Lie extension L of K is a Galois extension L of K such that (i) L/K is unramified outside a finite set of primes S of K, (ii) L is totally real, (iii) G := Gal(L/K) is a compact p-adic Lie group, and (iv) L contains K ∞ . Let M ab S (p) be the maximal abelian p-extension of L unramified outside the set of primes above S. Let Λ(G) := Z p [[G] ] denote the Iwasawa algebra of G over Z p and let X S denote the (left) Λ(G)-module Gal(M ab S (p)/L). Roughly speaking, the equivariant Iwasawa main conjecture (EIMC) relates X S to special values of Artin L-functions via padic L-functions. This relationship can be expressed as the existence of a certain element in an algebraic K-group; it is also conjectured that this element is unique.
There are at least three different versions of the EIMC. The first is due to Ritter and Weiss and deals with the case where G is a one-dimensional p-adic Lie group [RW04] , and was proven under a certain 'µ = 0' hypothesis in a series of articles culminating in [RW11] . The second version follows the framework of Coates, Fukaya, Kato, Sujatha and Venjakob [CFK + 05] and was proven by Kakde [Kak13] , again assuming µ = 0. This version is for G of arbitrary (finite) dimension and Kakde's proof uses a strategy of Burns and Kato to reduce to the one-dimensional case (see Burns [Burb] ). Finally, Greither and Popescu [GP] have formulated and proven an EIMC via the Tate module of a certain Iwasawa-theoretic abstract 1-motive, but they restricted their formulation to one-dimensional abelian extensions and the formulation itself requires a µ = 0 hypothesis. In [Nic13] , the second named author generalised this formulation (again assuming µ = 0) to the one-dimensional non-abelian case, and in the situation that all three formulations make sense (i.e. G is a one-dimensional p-adic Lie group and µ = 0), he showed that they are in fact all equivalent. Venjakob [Ven13] has also compared the work of Ritter and Weiss to that of Kakde. The classical Iwasawa µ = 0 conjecture (at p) is the assertion that for every number field F , the Galois group of the maximal unramified abelian p-extension of F ∞ is finitely generated as a Z p -module. This conjecture was proven by Ferrero and Washington [FW79] in the case that F/Q is abelian, but little progress has been made since. The µ = 0 hypothesis for an admissible p-adic Lie extension L/K discussed in the paragraph above is implied by the classical Iwasawa µ = 0 conjecture (at p) for a certain finite extension of K. It follows from the result of Ferrero and Washington that the EIMC holds unconditionally when L/K is an admissible pro-p extension and K is abelian over Q.
We wish to prove the EIMC in cases in which the µ = 0 hypothesis is not known. As a consequence, we must restrict to the case in which G is one-dimensional because the 'M H (G)-conjecture' is required to even formulate the EIMC. This conjecture is known unconditionally in the one-dimensional case but in the more general case it is presently only known to hold under the µ = 0 hypothesis (see §4.9). We remark that in the onedimensional case, the µ = 0 hypothesis is equivalent to the Iwasawa module X S being finitely generated as a Z p -module; a detailed discussion of the relation to the classical Iwasawa µ = 0 conjecture in this setting is given in Remark 4.3.
The main result of the first half of this article is the unconditional proof of the EIMC for an infinite class of admissible extensions with Galois group G a one-dimensional nonabelian p-adic Lie group and for which the µ = 0 hypothesis is not known. A key ingredient is a result of Ritter and Weiss [RW04] which, roughly speaking, says that a version of the EIMC 'over maximal orders' (or 'character by character') holds without any µ = 0 hypothesis. The proof uses Brauer induction to reduce to the abelian case, which is essentially equivalent to the Iwasawa main conjecture for totally real fields proven by Wiles [Wil90] . Another key ingredient is the notion of 'hybrid Iwasawa algebras' which is an adaptation of the notion of 'hybrid p-adic group rings' first introduced by the present authors in [JN] . Let p be a prime and G be a finite group with normal subgroup N . The group ring Z p [G] is said to be 'N -hybrid' if Z p [G] is isomorphic to the direct product of Z p [G/N ] and a maximal order. Now suppose that p is odd and that G is a one-dimensional p-adic Lie group with a finite normal subgroup N . Then the Iwasawa algebra Λ(G) is said to be 'N -hybrid' if it decomposes into a direct product of Λ(G/N ) and a maximal order. By using the maximal order variant of the EIMC and certain functoriality properties, we show that the EIMC for the full extension (corresponding to G) is equivalent to the EIMC for the sub-extension corresponding to G/N . There are many cases in which µ = 0 is not known for the full extension, but is known for the sub-extension, and thus we obtain new unconditional results. However, we first need explicit criteria for Λ(G) to be N -hybrid. Since G is one-dimensional it decomposes as a semidirect product G H Γ where H is finite and Γ is isomorphic to Z p . Moreover, if N is a finite normal subgroup of G then it must in fact be a (normal) subgroup of H. We show that Λ(G) is N -hybrid if and only if Z p [H] is N -hybrid; this is easy to see in the case that G is a direct product H × Γ, but much more difficult in the general case. In [JN] we gave explicit criteria for Z p [H] to be N -hybrid in terms of the degrees of the complex irreducible characters of H, and thus the same criteria can be used to determine whether Λ(G) is N -hybrid. With applications in the second part of the article in mind, we also study the behavior of N -hybrid p-adic group rings Z p [G] when we change the group G and its normal subgroup N . (As discussed in Remark 2.20, these new results on hybrid p-adic group rings also have applications to the equivariant Tamagawa number conjecture.)
Now let L/K be a finite Galois CM-extension of number fields with Galois group G. To each finite set S of places of K containing all the archimedean places, one can associate a so-called 'Stickelberger element' θ S (L/K) in the centre of the complex group algebra C [G] . This element is defined via values at s = 0 of S-truncated Artin L-functions attached to the complex characters of G. Let µ L and cl L denote the roots of unity and the class group of L, respectively. Assume further that S contains the set S ram of all finite primes of K that ramify in L/K. Then it was independently shown in [CN79, DR80, Bar78] that for abelian G we have
where Ann Z [G] (M ) denotes the annihilator ideal of a (left) Z[G]-module M . Now Brumer's conjecture asserts that in fact
The Brumer-Stark conjecture is a refinement of Brumer's conjecture that not only asserts that the class of a given ideal is annihilated in cl L , so it becomes a principal ideal, but also gives information about a generator of that ideal. The second named author [Nic11a] introduced non-abelian generalisations of Brumer's conjecture, the Brumer-Stark conjecture and of the so-called strong Brumer-Stark property. The extension L/K satisfies the latter property if certain Stickelberger elements are contained in the (noncommutative) Fitting invariants of corresponding ray class groups; however, this property does not hold in general, even in the case that G is abelian, as follows from results of Greither and Kurihara [GK08] . If this property does hold, however, it also implies the validity of the (non-abelian) Brumer-Stark conjecture and Brumer's conjecture. The main result of the second half of this article is the proof that the EIMC implies the p-part of a dual version of the strong Brumer-Stark property under the mild restrictions that S contains all the p-adic places of K and that a certain identity between complex and p-adic Artin L-functions at s = 0 holds. This identity is satisfied when G is monomial (i.e. every irreducible complex character of G is induced from a linear character of a subgroup), and is conjecturally always true.
When the classical Iwasawa µ-invariant vanishes, the above result on the dual version of the strong Brumer-Stark property has been already established by the second named author [Nic13] which in turn was a non-abelian generalisation of work of Greither and Popescu [GP] . The main reason why the vanishing of µ was required is, of course, to ensure the validity of the EIMC. However, both articles use a formulation of the EIMC via the Tate module of a certain Iwasawa-theoretic abstract 1-motive which requires the vanishing of µ even for its formulation. This formulation is inspired by Deligne's theory of 1-motives [Del74] and previous work of Greither and Popescu [GP12] on the Galois module structure of p-adic realisations of Picard 1-motives. Our new approach is different to, though partly inspired by, the approaches in [GP, Nic13] . More precisely, we reinterpret certain well-known exact sequences involving ray class groups in terms ofétale cohomology. Taking direct limits along the cyclotomic Z p -extension of L, this allows us to establish a concrete link between the canonical complex occurring in the EIMC and certain ray class groups. The theory of noncommutative Fitting invariants then plays a crucial role in the Iwasawa descent.
This article is organised as follows. In §2 we review some material on hybrid p-adic group rings, and show how new examples of such group rings can be obtained from existing examples. In §3 we generalise this notion to Iwasawa algebras and study its structure and basic properties. In particular, we give explicit criteria for an Iwasawa algebra to be N -hybrid. This enables us to give many examples of one-dimensional non-abelian p-adic Lie groups G such that the Iwasawa algebra Λ(G) is N -hybrid for a non-trivial finite normal subgroup N of G. In §4 we give a slight reformulation of the EIMC that is convenient for our purposes. We also recall the functorial properties of the EIMC and reinterpret the maximal order variant of the EIMC of Ritter and Weiss [RW04] . The algebraic preparations of §3 then permit us to verify the EIMC for many one-dimensional non-abelian p-adic Lie extensions without assuming the µ = 0 hypothesis. These three sections form the first half of this article.
The second half begins with a review of noncommutative Fitting invariants in §5. These were introduced by the second named author [Nic10] and were further developed by both the present authors in [JN13] . In §6 we first reinterpret certain exact sequences involving ray class groups in terms ofétale cohomology. We then recall the statements of the (non-abelian) Brumer and Brumer-Stark conjectures and show that a dual version of the strong Brumer-Stark property implies both of these conjectures. The bulk of the second half of this article is then devoted to the proof of its main result, namely that the EIMC implies that a certain p-adic Stickelberger element lies in the noncommutative Fitting invariant of the Pontryagin dual of a certain ray class group. When the underlying Galois group G is monomial then, roughly speaking, the p-adic Stickelberger element coincides with the usual (complex) Stickelberger element, and thus the dual of the strong Brumer-Stark property holds. As a consequence, we obtain many unconditional results when we combine this with our results of §4 on the EIMC. Notation and conventions. All rings are assumed to have an identity element and all modules are assumed to be left modules unless otherwise stated. We fix the following notation:
Acknowledgements
S n the symmetric group on n letters A n the alternating group on n letters C n the cyclic group of order n D 2n the dihedral group of order 2n Q 8 the quaternion group of order 8 V 4
the subgroup of A 4 generated by double transpositions F q the finite field with q elements, where q is a prime power Aff(q) the affine group isomorphic to F q F × q defined in Example 2.9 v p (x) the p-adic valuation of x R × the group of units of a ring R ζ(R) the centre of a ring R M m×n (R) the set of all m × n matrices with entries in a ring R ζ n a primitive nth root of unity K ∞ the cyclotomic Z p -extension of the number field K K + the maximal totally real subfield of K µ K the roots of unity of a field K cl K the class group of a number field K K c an algebraic closure of a field K Irr F (G) the set of F -irreducible characters of the (pro)-finite group G (with open kernel) where F is a field of characteristic 0
Hybrid p-adic group rings
We recall material on hybrid p-adic group rings from [JN, §2] and prove new results which provide many new examples. We shall sometimes abuse notation by using the symbol ⊕ to denote the direct product of rings or orders.
2.1. Background material. Let p be a prime and let G be a finite group. For a normal subgroup N G, let e N = |N | −1 σ∈N σ be the associated central trace idempotent in the group algebra Q p [G] . Then there is a ring isomorphism
. We now specialise [JN, Definition 2.5] to the case of p-adic group rings (we shall not need the more general case of N -hybrid orders).
Definition 2.1. Let N G. We say that the p-adic group ring 
For every field F of characteristic 0 and every finite group G, we denote by Irr F (G) the set of F -irreducible characters of G. Let Q c p be an algebraic closure of Q p . If p is a prime and x is a rational number, we let v p (x) denote its p-adic valuation. 
Remark 2.4. In the language of modular representation theory, when v p (χ(1)) = v p (|G|) we say that "χ belongs to a p-block of defect zero". (ii) The Frobenius kernel N is nilpotent. 
Proof. We repeat the short argument for the convenience of the reader. Let χ ∈ Irr Q c p (G) such that N ≤ ker χ. Then by Theorem 2.6 (iv) χ is induced from a nontrivial irreducible character of N and so χ(1) is divisible by [G : N ]. However, |N | and [G : N ] are relatively prime by Theorem 2.6 (i) and so Proposition 2.3 now gives the desired result.
We now give some examples, the first two of which were also given in [JN, §2.3] .
Example 2.8. Let p < q be distinct primes and assume that p | (q − 1). Then there is an embedding C p → Aut(C q ) and so there is a fixed-point-free action of C p on C q . Hence the corresponding semidirect product G = C q C p is a Frobenius group (see [JN, Theorem 2 .12] or [RZ10, §4.6], for example), and so
Example 2.9. Let q be a prime power and let F q be the finite field with q elements. The group Aff(q) of affine transformations on F q is the group of transformations of the form x → ax + b with a ∈ F × q and b ∈ F q . Let G = Aff(q) and let
Then G is a Frobenius group with Frobenius kernel N F q and is isomorphic to the semidirect product F q F × q with the natural action. Moreover, G/N F × q C q−1 and G has precisely one non-linear irreducible complex character, which is rational-valued and of degree q − 1. Hence for every prime p not dividing q, we have that
Example 2.10. Let p be an odd prime and let
be the dicyclic group of order 4p. We recall a construction given in [Bro01, Chapter 14] . For every positive integer n we let ζ n denote a primitive nth root of unity. There is an embedding ι of Dic p into the subring
, ζ 2p , j] of the real quaternions; here,
Let t and k i , 1 ≤ i ≤ t be positive integers and let p i , 1 ≤ i ≤ t be maximal ideals of R p . Then for each i there is a R p /p Example 2.11. Let p and q be primes, f and n positive integers such that q > n > 1 and q | (p f − 1). Let N be the subgroup of GL n (F p f ) comprising upper triangular matrices with all diagonal entries equal to 1. There are pairwise distinct b j ∈ F p f , 1 ≤ j ≤ n such that b q j = 1. Let h be the diagonal matrix with entries b 1 , . . . , b n and set H := h . Then G := N H is a Frobenius group of order qp f n(n−1)/2 and so Z p [G] is N -hybrid. Moreover, the Frobenius kernel N has nilpotency class n−1 (see [Hup98, Example 16 .8b]) and hence is complicated if n is large.
Recall that a character of a finite group is called monomial if it is induced from a linear character of a subgroup. A finite group is called monomial if each of its (complex) irreducible characters is monomial. In particular, nilpotent groups are monomial (see [CR81, Theorem 11.3] ). We state the following lemma for later use.
Lemma 2.12. Let G N H be a Frobenius group. Then G is monomial if and only if its Frobenius complement H is monomial.
Proof. Suppose H is monomial. Let χ ∈ Irr C (G). If N ≤ ker χ then χ is inflated from some ϕ ∈ Irr C (G/N ). Otherwise N ker χ and so χ is induced from some ψ ∈ Irr C (N ) by Theorem 2.6 (iv). The Frobenius complement H G/N is monomial by assumption, and the Frobenius kernel N is nilpotent by Theorem 2.6 (ii) and thus is monomial. However, induction is transitive and inflation commutes with induction (as in [Wei03, Theorem 4.2 (3)], for example) so that in both cases χ is induced from a linear character. Therefore G is monomial. The converse follows from the fact that any quotient of a monomial group is monomial (this can easily be proved using that inflation commutes with induction; also see [BDJ + 82, Chapter 2, §4]).
2.3. New p-adic hybrid group rings from old. We now use character theory to show how new examples of hybrid p-adic group rings can be obtained from existing examples. For a field F of characteristic 0, a finite group G and (virtual) F -characters χ and ψ of G, we let χ, ψ denote the usual inner product. 
The following proposition is a generalisation of [JN, Lemma 2.9].
Proposition 2.16. Let G be a finite group with normal subgroups N H G such that N G. Let p be a prime and assume that p Example 2.18. Let q = n be a prime power and let φ :
We may consider φ and m c as elements of GL n (F ). Then φm c φ −1 = m c and we may form the semidirect product F × q φ inside GL n (F ). Moreover, the action of F × q φ on F q gives a semidirect product G := F q (F × q φ ). Then the group Aff(q) F q F × q of affine transformations on F q naturally identifies with a normal subgroup of G, and N = F q is normal in both G and Aff(q). However, Z p [Aff(q)] is N -hybrid for every prime p = by Example 2.9. If we further suppose that p does not divide n = [G : Aff(q)], then Z p [G] is N -hybrid by Proposition 2.16. Note that this recovers Example 2.17 since G S 4 when = n = 2.
Remark 2.19. One of the main reasons for interest in Propositions 2.15 and 2.16 comes from base change in Galois theory. (In the following, the subgroup K of Proposition 2.15 will be denoted N and K will instead denote a field. The symbols G , N , etc. do not denote commutator subgroups.) Assume that L/K is a finite Galois extension with Galois group G. Let p be a prime and suppose that Z p [G] is N -hybrid for some normal subgroup N of G. Put F := L N . Now let K /K be a finite abelian extension of K and put F = F K and L = LK . Then H := Gal(L /K ) naturally identifies with a subgroup of G. Similarly, N := Gal(L /F ) is normal in H and identifies with a subgroup of N . The fixed field L H is a subfield of K and thus L H /K is a Galois extension, since K /K is abelian. Hence H is normal in G and we conclude by Proposition 2.15 that
is also N -hybrid by Proposition 2.16. The situation is illustrated by the following field diagram.
This will be applied in the proof of Corollary 4.24, which itself will be applied in the case that K /K is a subextension of K(ζ p )/K, where ζ p is a primitive pth root of unity.
Remark 2.20. Burns and Flach [BF01] formulated the equivariant Tamagawa number conjecture (ETNC) for any motive over Q with the action of a semisimple Q-algebra, describing the leading term at s = 0 of an equivariant motivic L-function in terms of certain cohomological Euler characteristics. The present authors introduced hybrid p-adic groups rings in [JN] and used them to prove many new cases of the p-part of the ETNC for Tate motives; the same methods can also be applied to several related conjectures. Thus the new results on p-adic group rings given here combined with the results of [JN] give unconditional proofs of the p-part of the ETNC for Tate motives and related conjectures in many new cases.
3. Hybrid Iwasawa algebras 3.1. Iwasawa algebras of one-dimensional p-adic Lie groups. Let p be an odd prime and let G be a profinite group containing a finite normal subgroup H such that G/H Γ where Γ is a pro-p-group isomorphic to Z p ; thus G can be written as a semidirect product H Γ and is a one-dimensional p-adic Lie group. The Iwasawa algebra of G is 
Hence Λ O (G) is finitely generated as an R-module and is an R-order in the separable 
h ∈ H, and following [RW04, §2] we set res
where
. Note that χ(1) = w χ η(1) and that w χ is a power of p since H is a subgroup of St(η).
3.3.
Working over sufficiently large p-adic fields. We now specialise to the case where F/Q p is a finite extension over which both characters χ and η have realisations. Let V χ denote a realisation of χ over F . By [RW04, Proposition 5], there exists a unique element γ χ ∈ ζ(Q c (G)e χ ) such that γ χ acts trivially on V χ and γ χ = gc where g ∈ G with (g mod H) = γ wχ and c ∈ (
Proof. We recall the definition of γ χ := gc given in the proof of [RW04, Proposition 5], the only difference being that there V χ is defined over Q c p rather than F . Choose g ∈ G such that (g mod H) = γ wχ . Then g ∈ St(η γ i ) for each i, and it acts on
Now we set c := wχ−1 i=0 c(η γ i ), and we see that c ∈ (
] is integrally closed. Uniqueness follows from commutativity of Q F (Γ χ ).
3.4.
Maximal order e χ -components of Iwasawa algebras. We give criteria for 'e χ -components' of Iwasawa algebras of one-dimensional p-adic Lie groups to be maximal orders in the case that F/Q p is a sufficiently large finite extension. Moreover, we give an explicit description of such components.
Proposition 3.3. Let χ ∈ Irr Q c p (G) and let η be an irreducible constituent of res G H χ. Let F/Q p be a finite extension over which both characters χ and η have realisations and let
Moreover, these are maximal R-orders and as rings are isomorphic to
for each i and so the description of e χ in (3.2) shows that e χ ∈ Λ O (G). Second, since η can be realised over F , a standard result on "p-blocks of defect zero" (see [Ser77, Proposition 46 (b) ], for example) shows that for each i we have an isomorphism of O-orders
Now recall the proof of Lemma 3.1. The element g −1 acts on e(η γ i )M χ for each i and so we see that in fact c(η
where the isomorphism follows from (3.3).
Note that e(η) = e(η γ i ) if and only if w χ divides i. Hence
wχ−1 i=0 f k,i is a decomposition of e χ into orthogonal idempotents. By considering the appropriate 'elementary matrices' in R[H]e(η) M η(1)×η(1) (R) together with powers of γ, it is straightforward to see that there is a subset S of (Λ O (G)e χ ) × such that each element of
is a conjugate of f 1 = f 1,0 by some element of S. Furthermore,
As shown in the proof of [RW04, Proposition 6 (2)], the dimension of
However, (3.4) shows that m ≥ χ(1) and so in fact χ(1) = m and
Combining (3.4), (3.5) and the fact that ζ(
3.5. Central idempotents and Galois actions. Fix a character χ ∈ Irr Q c p (G) and let η be an irreducible constituent of res G H χ. We define two fields
and remark that the containment is not an equality in general. Note that K χ = K χ⊗ρ whenever ρ is of type W (i.e. res
for every g ∈ G and thus Q p (η) does not depend on the particular choice η of irreducible constituent of res
for all g ∈ G and similarly on characters of H. Note that the actions on res G H χ and η factor through Gal(K χ /Q p ) and Gal(Q p (η)/Q p ), respectively. Moreover, for σ ∈ Gal(Q c p /Q p ) we have σ(e χ ) = e ( σ χ) , and σ(e χ ) = e χ if and only if res
Hence the action of Gal(Q c p /Q p ) on e χ factors through Gal(K χ /Q p ) and we define
We remark that ε χ is a primitive central idempotent of Q(G). Finally, we define an equivalence relation on Irr Q c p (G) as follows: χ ∼ χ if and only if there exists σ ∈ Gal(K χ /Q p ) such that σ(e χ ) = e χ . Note that the number of equivalence classes is finite and that we have the decomposition 1 = χ/∼ ε χ in Q(G).
3.6. Maximal order ε χ -components of Iwasawa algebras. We give criteria for 'ε χ -components' of Iwasawa algebras of one-dimensional p-adic Lie groups to be maximal orders in the case that F = Q p ; moreover, we give a somewhat explicit description of such components.
Proposition 3.4. Let χ ∈ Irr Q c p (G) and let η be an irreducible constituent of res
Remark 3.5. The condition that v p (η(1)) = v p (|H|) is independent of choice of irreducible consistent η of res G H χ and thus only depends on χ. Moreover, if the condition holds for
Proof of Proposition 3.4. Assume the notation and hypotheses of Proposition 3.3. In particular, Proposition 3.3 shows that
, which is a field since ε χ is a primitive central idempotent of Q(G). Thus S is an integral domain. Moreover, S is semiperfect by [Lam01, Example (23. 3)] and thus is a finite direct product of local rings by [Lam01, Theorem (23.11)]; therefore S is in fact a local integral domain. Furthermore, S must be integrally closed since Λ(G)ε χ is maximal.
A standard argument gives the reverse containment; here we give a slightly modified version of the proof of [Rei03, Theorem 7.6]. Let b 1 , . . . , b m be a Z p -basis of O. Let x ∈ S . Then we can write x = i b i ⊗ λ i for some λ i ∈ Λ and in particular, x commutes with 1 ⊗ λ for all λ ∈ Λ. Hence i b i ⊗ (λλ i − λ i λ) = 0 and so λλ i = λ i λ for all λ ∈ Λ, that is,
, which is a local integrally closed domain. Let k and k be the residue fields of S and S , respectively. Then k /k is a finite extension of finite fields of characteristic p. By Proposition 3.3 and (3.6) we have
Now set Λ := k ⊗ S Λ and observe that 
is in fact a monomorphism. However, Br(k) is trivial by Wedderburn's theorem that every finite division ring is a field. Therefore [Λ] is the trivial element of Br(S) and so Λ is a matrix ring over its centre S. Now (3.7) shows that in fact
The following proposition is an adaptation of [JN, Lemma 2.1].
Proof. Fix an irreducible constituent η of res G H χ and recall the notation of §3.5. We may write ε χ = η(1) |H| h∈H β(h −1 )h, where
is a Q p -valued character of H. Recall that an element h ∈ H is said to be p-singular if its order is divisible by p. Write ε χ = h∈H a h h with a h ∈ Z p for h ∈ H. Then [ Kül94, Proposition 5] shows that a h = 0 for every p-singular h ∈ H (alternatively, one can use [Kül94, Proposition 3] and that ε χ is central). Hence the character β vanishes on p-singular elements. Let P be a Sylow p-subgroup of H. Then β vanishes on P − {1}, so the multiplicity of the trivial character of P in the restriction res H P β is res
is also a Sylow p-subgroup of H. Hence we may write P = hP h −1 for some h ∈ H. We have res
Proposition 3.7. Let χ ∈ Irr Q c p (G) and let η be an irreducible constituent of res G H χ. Then the following are equivalent:
Proof. This is the combination of Propositions 3.4 and 3.6.
3.7. Hybrid Iwasawa algebras. Let p be an odd prime and let G = H Γ be a one-dimensional p-adic Lie group. For a finite normal subgroup N of G, let e N = |N | −1 σ∈N σ be the associated central trace idempotent in the algebra Q(G). Then there is a ring isomorphism Λ(G)e N Λ(G/N ). In particular, if G is the commutator subgroup of G and G ab = G/G is the maximal abelian quotient, then Λ(G)e G Λ(G ab ). Note that G/H is abelian and thus G is a subgroup of H and in particular is finite.
Definition 3.8. Let N be a finite normal subgroup of G. We say that the Iwasawa Proof. The canonical projection G G/H Z p maps N onto N H/H N/H ∩ N . However, the only finite (normal) subgroup of Z p is the trivial group; hence H ∩ N = N and thus N is a (normal) subgroup of H. As χ factors through a finite quotient of G, the second claim follows from Lemma 2.14 (ii).
Theorem 3.12. Let p be an odd prime and let G = H Γ be a one-dimensional p-adic Lie group with a finite normal subgroup N . Then N is in fact a normal subgroup of H.
Proof. The first assertion is contained in Lemma 3.10.
Suppose that
. Let η be an irreducible constituent of res G H χ. Then N ≤ ker(η) by Lemma 3.10 and so v p (η(1)) = v p (|H|) by Proposition 2.3. Hence ε χ ∈ Λ(G) and
]-order by Proposition 3.7. Now by Lemma 3.10 we have
where ∼ denotes the equivalence relation defined in §3.5. Therefore 1 − e N ∈ Λ(G) and
. By Lemma 3.11 there exists χ ∈ Irr Q c p (G) such that η is an irreducible constituent of res G H χ and by Lemma 3.10 we have N ≤ ker(χ). Since 1 − e N ∈ Λ(G) and
Corollary 3.13. Let p be an odd prime and let G = H Γ be a one-dimensional p-adic Lie group with a finite normal subgroup
is isomorphic to a direct product of matrix rings over integrally closed commutative local rings.
Proof. This follows from Proposition 3.7 and the proof of Theorem 3.12 above.
Proposition 3.14. Let p be an odd prime and G = H Γ be a one-dimensional p-adic Lie group. Suppose that H is a Frobenius group with Frobenius kernel
Proof. Let γ be a topological generator of Γ. Then N is a normal subgroup of H and so γN γ −1 is also a normal subgroup of H since γH = Hγ. Thus N and γN γ −1 are normal subgroups of H of equal order and so Theorem 2.6 (iii) implies that they are in fact equal. Hence N is normal in G. The claim is now an immediate consequence of Proposition 2.3 and Theorem 3.12.
Example 3.15. Let q be a prime power and let H = Aff(q) be the Frobenius group with Frobenius kernel N defined in Example 2.9. Let p be an odd prime not dividing q and let G = H Γ (any choice of semidirect product). Then p does not divide |N | and so
] is N -hybrid by Proposition 3.14. We consider its structure in more detail. Let η be the unique non-linear irreducible character of H. Choose χ ∈ Irr Q c p (G) such that η appears as an irreducible constituent of res G H χ (this is possible by Lemma 3.11.) As η is the only non-linear irreducible character of H, we must have η g = η for every g ∈ G, i.e., St(η) = G. Consequently, we have w χ = 1 and thus χ(1) = η(1) = q − 1. Since both η and χ have realisations over Q and hence over Q p , applying Proposition 3.3 therefore shows that there is a ring isomorphism
Example 3.16. Let p = 3, H = S 4 and N = V 4 . Recall from Example 2.17 that Z 3 [S 4 ] is V 4 -hybrid and S 4 is not a Frobenius group. Let G = H Γ (any choice of semidirect product). As each automorphism of S 4 is inner, N is normal in G and so Theorem 3.12 shows that Λ(G) := Z 3 [ [G] ] is N -hybrid. We consider its structure in more detail. Note that H/N S 3 and the only two complex irreducible characters η and η of H not inflated from characters of S 3 are of degree 3 and have realisations over Q and hence over Q 3 . Choose characters χ, χ ∈ Irr Q c 3 (G) with the property that η and η appear as irreducible constituents of res G H χ and res G H χ , respectively. Again, as each automorphism of S 4 is inner, we have St(η) = St(η ) = G and thus w χ = w χ = 1. Therefore Proposition 3.3 yields a ring isomorphism Λ(G)
3.8. Iwasawa algebras and commutator subgroups. Let p be prime (not necessarily odd) and let G = H Γ be a one-dimensional p-adic Lie group. 3.9. Hybrid algebras in Iwasawa theory. Let p be an odd prime. We denote the cyclotomic Z p -extension of a number field K by K ∞ and let K m be its mth layer. We put Γ K := Gal(K ∞ /K) and choose a topological generator γ K . In Iwasawa theory one is often concerned with the following situation. Let L/K be a finite Galois extension of number fields with Galois group G. We put H := Gal(L ∞ /K ∞ ) and G := Gal(L ∞ /K). Then H naturally identifies with a normal subgroup of G and G/H is cyclic of p-power order (the field L H equals L ∩ K ∞ and thus identifies with K m for some m < ∞). Moreover, the argument given in [RW04, §1] shows that the short exact sequence
splits and so we obtain a semidirect product G H Γ where Γ Z p .
Proposition 3.20. Keep the above notation and suppose that Z p [G] is N -hybrid. Then N naturally identifies with a normal subgroup of G, which is also a normal subgroup of H. Moreover, both
, we have that p |N |. Hence N naturally identifies with Gal(L ∞ /F ∞ ), which is a normal subgroup of both H and G since F ∞ /K is a Galois extension. Thus Z p [H] is N -hybrid by Proposition 2.15 and so Λ(G) is also N -hybrid by Theorem 3.12.
Example 3.21. Let p = 3 and suppose that G = Gal(L/K) S 4 . Then we also have Gal(L ∞ /K ∞ ) S 4 , since S 4 has no abelian quotient of 3-power order. As a consequence, we have G = Gal(L ∞ /K) S 4 × Γ K . Using the notation of Example 3.16, this yields a ring isomorphism Λ(G) 
If we assume that V is abelian, then Gal(F ∞ /K) Γ K ×U is also abelian and we have an isomorphism
4. The equivariant Iwasawa main conjecture 4.1. Algebraic K-theory. Let R be a noetherian integral domain with field of fractions E. Let A be a finite-dimensional semisimple E-algebra and let A be an R-order in A. Let PMod(A) denote the category of finitely generated projective (left) A-modules. We write K 0 (A) for the Grothendieck group of PMod(A) (see [CR87, §38] ) and K 1 (A) for the Whitehead group (see [CR87, §40] ). Let K 0 (A, A) denote the relative algebraic Kgroup associated to the ring homomorphism A → A. We recall that K 0 (A,
The We now specialise to the situation of §3.1. Let p be an odd prime and let G H Γ be a one-dimensional p-adic Lie group. 
4.2. Admissible extensions and the µ = 0 hypothesis.
Definition 4.1. Let p be an odd prime and let K be a totally real number field. An
Let L/K be an admissible one-dimensional p-adic Lie extension with Galois group G. Let H = Gal(L/K ∞ ) and let Γ K = Gal(K ∞ /K). Then we have a short exact sequence
and as in §3.9 we have a semidirect product decomposition G H Γ where Γ Z p .
Let S ∞ be the set of archimedean places of K and let S p be the set of places of K above p. Let S ram = S ram (L/K) be the (finite) set of places of K that ramify in L/K; note that S p ⊆ S ram . Let S be a finite set of places of K containing S ram ∪ S ∞ . Let M ab S (p) be the maximal abelian pro-p-extension of L unramified outside S, and denote
We say that L/K satisfies the µ = 0 hypothesis if X S is finitely generated as a Z p -module.
Remark 4.3. The classical Iwasawa µ = 0 conjecture (at p) is the assertion that for every number field F , the Galois group of the maximal unramified abelian p-extension of F ∞ is a finitely generated Z p -module. This conjecture has been proven by Ferrero and Washington [FW79] in the case that F/Q is abelian. Now let L/K be an admissible one-dimensional p-adic Lie extension and let L be a finite Galois extension of 
4.3.
A reformulation of the equivariant Iwasawa main conjecture. We give a slight reformulation of the equivariant Iwasawa main conjecture for totally real fields. Let L/K be an admissible one-dimensional p-adic Lie extension. We assume the notation and setting of §4.2. However, we do not assume the µ = 0 hypothesis for L/K except where explicitly stated. Let C
Here, O L,S denotes the ring of integers O L in L localised at all primes above those in S and Q p /Z p denotes the constant sheaf of the abelian group Q p /Z p on theétale site of Spec(O L,S ). The only non-trivial cohomology groups occur in degree −1 and 0 and we have
• S (L/K) and the complex used by Ritter and Weiss (as constructed in [RW04] ) become isomorphic in D(Λ(G)) by [Nic13, Theorem 2.4] (see also [Ven13] for more on this topic). Hence it makes no essential difference which of these complexes we use.
Recall the notation and hypotheses of §3.2 and §3.3. In particular, F is a sufficiently large finite extension of Q p . Let χ cyc be the p-adic cyclotomic character
where the last arrow is induced by mapping γ χ to (u r γ K ) wχ . Note that j χ := j 0 χ agrees with the corresponding map j χ in [RW04] . It follows from [RW04, Proposition 6 (3)] that for every matrix Θ ∈ M n×n (Q(G)) we have
Here, Θ acts on 
such that we obtain a commutative triangle (4.5)
Each topological generator γ K of Γ K permits the definition of a power series
) by starting out from the Deligne-Ribet power series for linear characters of open subgroups of G (see [DR80] ; also see [Bar78, CN79] ) and then extending to the general case by using Brauer induction (see [Gre83] ). One then has an equality
, where L p,S (s, χ) denotes the 'S-truncated p-adic Artin L-function' attached to χ constructed by Greenberg [Gre83] , and where, for irreducible χ, one has
is independent of the topological generator γ K and lies in Hom
It is now clear that the following is a reformulation of the EIMC without its uniqueness statement.
Conjecture 4.4 (EIMC). There exists
It can be shown that the truth of Conjecture 4.4 is independent of the choice of S, provided S is finite and contains S ram ∪ S ∞ . The following theorem has been shown independently by Ritter and Weiss [RW11] and Kakde [Kak13] . Corollary 4.6. Let P be a Sylow p-subgroup of G. If L P /Q is abelian then P is normal in G (and thus is unique), and the EIMC holds for L/K.
Proof. The first claim is clear. Let E = L P and let L be a finite Galois extension of K such that L ∞ = L. Then L/E is a finite Galois extension of p-power degree. Moreover, E/Q is a (finite) abelian extension by hypothesis and so E(ζ p )/Q is also abelian. Therefore the µ = 0 hypothesis for L/K holds by the results discussed in Remark 4.3.
We shall also consider the EIMC with its uniqueness statement.
Conjecture 4.7 (EIMC with uniqueness). There exists a unique
If SK 1 (Q(G)) vanishes then it is clear that the uniqueness statement of the EIMC follows from its existence statement. Moreover, SK 1 (Q(G)) vanishes if no skewfields appear in the Wedderburn decomposition of Q(G); in particular, this is the case if G is abelian or, more generally, if p does not divide the order of the commutator subgroup G of G (see Corollary 3.18). As noted in [RW04, Remark E] (also see [Burb, Remark 3 .5]), a conjecture of Suslin implies that SK 1 (Q(G)) in fact always vanishes.
The interpolation property. We fix a choice of field isomorphism
, which is in fact independent of the choice of ι. If χ is linear then for r ≥ 1 we have
Using Brauer induction, (4.6) can be extended to the case where χ is non-linear provided r ≥ 2. However, if χ is non-linear and r = 1, this argument fails due to the potential presence of trivial zeros. Nevertheless, it seems plausible that the identity
holds in general. As both sides are well-behaved with respect to direct sum, inflation and induction of characters, one can show that (4.7) does hold when χ is a monomial character (also see the discussion in [Gro81, §2] 
be a continuous homomorphism, where O = O F denotes the ring of integers of F and n is some integer greater or equal to 1. There is a ring homomorphism
induced by the continuous group homomorphism
where σ denotes the image of σ in G/H = Γ K . By [CFK + 05, Lemma 3.3] the homomorphism (4.8) extends to a ring homomorphism
and this in turn induces a homomorphism
O be the augmentation map and put p = ker(aug). Writing 
It is straightforward to show that for r ∈ Z we have (4.10) φ(j r χ (Φ S )) = L p,S (1 − r, χ). If ζ is an element of K 1 (Q(G)), we define ζ(π) to be φ(Φ π (ζ)). Conjecture 4.4 now implies that there is an element ζ S ∈ K 1 (Q(G)) such that ∂(ζ S ) = −[C • S (L/K)] and for each r ≥ 1 divisible by p − 1 and every irreducible Artin representation π χ of G with character χ we have
, where the first equality follows from [Nic11b, Lemma 2.3] (for the last equality see §4.4).
4.6.
A maximal order variant of the EIMC. We shall prove the EIMC in many cases in which the µ = 0 hypothesis is not known; in some of these cases we shall also prove the EIMC with uniqueness.
The following key result of Ritter and Weiss can be seen as a 'maximal order variant' of Conjecture 4.4; crucially, it does not require the µ = 0 hypothesis. We assume the setup and notation of §4.3.
and let e ∈ M(G) be a central idempotent. Suppose that the reduced norm map
× is surjective. Then there exists y S ∈ K 1 (eQ(G)) such that nr(y S ) = eΦ S and y S maps to
, eQ(G)). Proof. Choose x S ∈ K 1 (Q(G)) as in Theorem 4.9. By assumption, there is z S ∈ K 1 (eM(G)) such that nr(z S ) = enr(x S )Φ −1 S . Let z S be the image of z S in K 1 (eQ(G)). Then y S := ex S (z S ) −1 has the desired properties.
Remark 4.11. It is not clear whether the map (4.11) is always surjective. This map is surjective if no skewfields occur in the Wedderburn decomposition of eQ(G), and thus one can always take e = e G , where G is the commutator subgroup of G (note that G ≤ H). If p does not divide the order of G , then by Corollary 3.18 one can take an arbitrary e (in particular, e = 1 is possible). If Λ(G) is N -hybrid then Corollary 3.13 shows that one can take e = 1 − e N . Proof of Theorem 4.12. Since the commutator subgroup G is a subgroup of H, Corollary 3.18 shows that the Wedderburn decomposition of Q(G) contains no skewfields. This has two consequences. First, uniqueness follows from Remark 4.8. Second, by Remark 4.11 the hypotheses of Corollary 4.10 are satisfied for every choice of e. However, Remark 3.9 shows that Λ(G) is in fact a maximal order since p |H|. Therefore the EIMC for L/K follows from Corollary 4.10 with e = 1.
4.7.
Functorialities. Let L/K be an admissible one-dimensional p-adic Lie extension with Galois group G. Let N be a finite normal subgroup of G and let H be an open subgroup of G. There are canonical maps 
The first map is easily seen to be induced by the canonical projection Proposition 4.14. Let L/K be an admissible one-dimensional p-adic Lie extension with Galois group G. Then the following statements hold.
(i) Let N be a finite normal subgroup of G and put L := L N . Then 
N /Q is abelian, then the EIMC with uniqueness holds for L/K.
Remark 4.16. Under the hypotheses in (iii), P is necessarily normal in G and thus is its unique Sylow p-subgroup.
Proof of Theorem 4.15. By assumption Λ(G) decomposes into Λ(G)e N ⊕ M(G)(1 − e N ) for some maximal order M(G). This induces a decomposition of relative K-groups
by Proposition 4.14 (i). Similarly, we have a decomposition
. Hence (i) follows from Corollary 4.10 and Remark 4.11.
Part (ii) follows from (i) once
is shown to vanish. This is indeed the case since Corollary 3.13 implies that Q(G)(1 − e N ) is a direct product of matrix rings over fields. Part (iii) follows from part (i) and Corollary 4.6. Finally, part (iv) follows from parts (ii) and (iii) and Remark 4.8.
The following theorem is useful in applications to proving results about finite Galois extensions of number fields.
Theorem 4.17. Let L/K be a finite Galois extension of totally real number fields with Galois group G. Let p be an odd prime and let L ∞ be the cyclotomic Z p -extension of L. Let P be a Sylow p-subgroup of G. Then the following statements hold.
(i) L ∞ /K is an admissible one-dimensional p-adic Lie extension.
(ii) If p |G| then the EIMC with uniqueness holds for
Remark 4.18. Under the hypothesis in (iii), P is necessarily normal in G and thus is its unique Sylow p-subgroup.
Proof of Theorem 4.17. For part (i) it is trivial to check that the conditions of Definition 4.1 are satisfied. We adopt the setup and notation of §3.9. Since H identifies with a subgroup of G, part (ii) follows from Theorem 4.12 (in fact H identifies with G in this case.) Let P be a Sylow p-subgroup of G.
is an open normal pro-p subgroup of G we have Γ L ≤ P and P maps to P under the natural projection
∞ and so part (iii) follows from Corollary 4.6. Now suppose that Z p [G] is N -hybrid. Proposition 3.20 says that N identifies with a normal subgroup of G which is also a normal subgroup of H; moreover, both • G Aff(q), where q is a prime power (see Example 2.9),
• G C C q , where q < are distinct primes such that q | ( − 1) and C q acts on C via an embedding C q → Aut(C ) (see Example 2.8),
• G is isomorphic to any of the Frobenius groups constructed in Example 2.11.
Proof. Part (i) follows from Proposition 2.7 and Theorem 4.17 (iv). Part (ii) follows from Theorem 4.17 (iii) with P = N . Part (iii) is just the combination of (i) and (ii). 
Then as shown in Example 3.21 we have G = S 4 × Γ K , and so no skewfields occur in the Wedderburn decomposition of Q(G). Therefore, the EIMC with uniqueness also holds for L ∞ /K when p = 3.
Corollary 4.24. Let L/K be a finite Galois extension of totally real number fields with Galois group G. Let p be an odd prime and let L ∞ be the cyclotomic Z p -extension of L. Let N be a normal subgroup of G and let P be a Sylow p-subgroup
Remark 4.25. The hypothesis that (L N ) P /Q is abelian forces K/Q to be abelian, and thus one can take K to be the compositum of K with another finite abelian extension K /Q such that p [K : Q]. In particular, Corollary 4.24 can be applied with
+ (here F + denotes the maximal totally real subfield of F ).
Proof of Corollary 4.24. The EIMC holds for
which is an abelian extension of Q as it is the compositum of two such extensions. Therefore the EIMC holds for L ∞ /K by Theorem 4.17 (v).
4.9. Remarks on the higher dimension case. In [Kak13] , Kakde proved a more general version of the EIMC for admissible p-adic Lie extensions of arbitrary (finite) dimension under a suitable version of the µ = 0 hypothesis. This used a strategy of Burns and Kato to reduce the proof to the one-dimensional case discussed above (see [Burb] ). We briefly discuss some of the obstacles to generalising the approach of this article to prove higher dimension cases of the EIMC when a suitable µ = 0 hypothesis is not known. The most serious is that a certain 'M H (G)-conjecture' is required to even formulate the higher dimension version of the EIMC, and that this is presently only known to hold under a suitable µ = 0 hypothesis (see [CK13, p. 5] and [CS12] ). Another problem is that a higher dimension version of Theorem 4.9 (the 'maximal order variant of the EIMC') has not been proven unconditionally. Finally, it is not entirely clear how the notion of a hybrid Iwasawa algebra generalises to the higher dimension case.
Noncommutative Fitting invariants
5.1. Denominator ideals. Let R be a noetherian integrally closed domain with field of fractions E. Let A be a finite-dimensional separable E-algebra and let A be an R-order in A. We choose a maximal order A containing A. Following [JN13, §3.6], for every matrix H ∈ M b×b (A) there is a generalised adjoint matrix H * ∈ M b×b (A ) such that H * H = HH * = nr(H) · 1 b×b (note that the conventions in [JN13, §3.6] slightly differ from those in [Nic10] ). IfH ∈ M b×b (A) is a second matrix, then (HH) * =H * H * . We define
Since x · nr(H) = xH * H, in particular we have
Hence H(A) is an ideal in the commutative R-order I(A). We will refer to H(A) as the denominator ideal of the R-order A. If p is a prime and G is a finite group, we put
The importance of the ζ(A)-module H(A) comes from its relation to noncommutative Fitting invariants, which we introduce now.
Noncommutative Fitting invariants.
For further details on the following material we refer the reader to [Nic10] and [JN13] . Let A be a finite-dimensional separable algebra over a field E and A be an R-order in A, where R is an integrally closed complete commutative noetherian local domain with field of fractions E. For example, if p is a prime we can take A to be a p-adic group ring Z p [G] where G is a finite group or to be a completed group algebra 
Now let M be a (left) A-module with finite presentation
We identify the homomorphism h with the corresponding matrix in M a×b (A) and define
In the case a = b we call (5.1) a quadratic presentation. The Fitting invariant of h over A is defined to be
We call Fitt A (h) a Fitting invariant of M over A. One defines Fitt Note that this is well-defined by the exactness of (4.1). Let C ) (this is the case in the situation of (4.2), for example) it is straightforward to show that
). To put this in context, we note that if C
• is isomorphic in D(A) to a complex P −1 → P 0 concentrated in degree −1 and 0 such that P −1 and P 0 are both finitely generated Rtorsion A-modules of projective dimension at most one, then
where the righthand side denotes the relative Fitting invariant of [Nic10, Definition 3.6].
Remark 5.1. Let M be a finitely generated R-torsion A-module of projective dimension at most one. Then it is straightforward to show that M admits a quadratic presentation if and only if ρ(
Remark 5.2. Let M be a finitely generated R-torsion A-module of projective dimension at most one and assume that M admits a quadratic presentation. Then one can consider M as a complex concentrated in degree 0 defining an element of D 
We list some properties of noncommutative Fitting invariants which we will use later.
Lemma 5.4. Let M and M be finitely presented A-modules and let e ∈ A be a central idempotent. Then the following statements hold.
( 
where φ denotes the evaluation map (4.9) and e(χ) := χ(1)|G|
6. The Brumer-Stark conjecture and generalisations 6.1. Equivariant L-values. Let L/K be a finite Galois extension of number fields with Galois group G. For each place v of K we fix a place w of L above v and write G w and I w for the decomposition group and inertia subgroup of L/K at w, respectively. When w is a finite place, we choose a lift φ w ∈ G w of the Frobenius automorphism at w; moreover, we write P w for the associated prime ideal in L and ord w for the associated valuation. Let S be a finite set of places of K containing the set S ∞ of archimedean places. For χ ∈ Irr C (G), we denote the S-truncated Artin L-function attached to χ and S by L S (s, χ). Recall that there is a canonical isomorphism ζ (C[G] )
-module with character χ. If T is a second finite set of places of K such that S ∩ T = ∅, we define
We put
where we denote by : 
and this is independent of the choice of ι (compare with the discussion of §4.4). We shall henceforth consider θ
) via (6.1). Moreover, we shall often drop ι and ι −1 from the notation. Now suppose further that L/K is a CM-extension and let j ∈ G denote complex conjugation. Recall that χ ∈ Irr C (G) or Irr Cp (G) is even when χ(j) = χ(1), and is odd when χ(j) = −χ(1). Let S p denote the set of places of K above p. When S p ∪ S ∞ ⊆ S, we define p-adic Stickelberger elements by
whereχ denotes the character contragredient to χ.
Lemma 6.1. Let p be an odd prime and let L/K be a finite Galois CM-extension of number fields. If Gal(L + /K) is monomial and 
All these modules are equipped with a natural G-action and we have the following exact sequences of Z[G]-modules. If Σ is a subset of S containing S ∞ , then we have
× to x ∈ O L,S and sends it to the ideal class [(x)] ∈ cl T L,S of the principal ideal (x).
6.3.Étale cohomology. Let L/K be a finite Galois extension of number fields with Galois group G. We fix two finite disjoint nonempty sets S and T of places of K such that S contains S ∞ . We put U S := Spec(O L,S ) and
denote theétale sheaf defined by the group of units of a scheme X. The closed immersion ι : Z T → U S induces a canonical morphism G m,U S → ι * G m,Z T , which can be shown to be surjective by considering stalks. Let G T m,U S denote the kernel of this morphism; then we have an exact sequence ofétale sheaves
If w is a finite place of L, we let O L,w be the localisation of O L at w. We denote the field of fractions of the Henselisation
If w is archimedean, we let L w be the completion of L at w. In both cases we let Br(L w ) be the Brauer group of L w .
The main purpose of this subsection is to generalise the following result.
Proposition 6.2. Let S be a finite set of places of K containing S ∞ . Then
there is an exact sequence
and
Proof. This is [Mil06, Chapter II, Proposition 2.1].
Lemma 6.3. Let S and T be as above.
For a finite field F, the cohomology of RΓé t (Spec(F), G m,Spec(F) ) vanishes outside degree 0 and H 0 et (Spec(F), G m,Spec(F) ) F × . Moreover, we have an isomorphism
where L(w) denotes the finite field O L /P w , and so the second claim follows. Note that the natural map
is in fact an isomorphism. Furthermore, the functor ι * is exact for theétale topology by [Mil80, Chapter II, Corollary 3.6]. Thus the universal property of derived functors gives the first claim.
Let Σ be a subset of S containing S ∞ . We shall consider the natural map
Here, the set T may be empty, in which case we put G ∅ m,U S := G m,U S and similarly with G m,U Σ . Sequence (6.4) and Lemma 6.3 for S and Σ induce a commutative diagram
where the rows are exact triangles. Let D 
Proof. As D T Σ,S = D Σ,S does not depend on T , we can and do assume that T is empty. Let Z Σ,S := U Σ − U S ; then Z Σ,S is a closed subscheme of U Σ and by [Mil80, Chapter III, Proposition 1.25] we have an isomorphism
where the righthand side denotes cohomology with support on Z Σ,S . We now apply [Mil80, Chapter III, Corollary 1.28] and [Mil06, Chapter II, Proposition 1.5] to obtain the desired result.
Proposition 6.5. Let S and T be as above. Then
Proof. By Proposition 6.2 and Lemma 6.3, the long exact sequence of cohomology groups induced by (6.4) yields an exact sequence
) and cl T L,S have the same cardinality; it remains to show that they are in fact isomorphic.
We now change notation as follows: let Σ = S for the choice of S as in the statement of the proposition; and enlarge S in such a way that S is finite and disjoint from T and that cl ) also vanishes. Therefore the long exact cohomology sequence induced by (6.5) yields an exact sequence
Remark 6.6. The proof of Proposition 6.5 shows that the long exact sequence in cohomology induced by (6.5) yields an exact sequence whose first terms coincide with (6.2). Similarly, taking global sections in (6.4) gives a long exact sequence in cohomology whose first terms coincide with (6.3).
6.4. The non-abelian Brumer conjecture. Let L/K be a finite Galois CM-extension of number fields with Galois group G. Let S ram = S ram (L/K) be the set of all places of K that ramify in L/K and recall that S ∞ denotes the archimedean places of K.
Hypothesis. Let S and T be finite sets of places of K. We say that Hyp(S, T ) is satisfied
Remark 6.7. Condition (iii) means that there are no roots of unity of L congruent to 1 modulo all primes in T (L). In particular, this will be satisfied if T contains primes of two different residue characteristics or one prime of sufficiently large norm.
We choose a maximal order
. For a fixed set S we define A S to be the ζ(Z[G])-submodule of ζ(M(G)) generated by the elements δ T (0), where T runs through the finite sets of places of K such that Hyp(S ∪ S ram ∪ S ∞ , T ) is satisfied. The following conjecture was formulated in [Nic11a] and is a non-abelian generalisation of Brumer's conjecture.
Conjecture 6.8 (B(L/K, S)). Let S be a finite set of places of K containing S ram ∪ S ∞ . Then A S θ S ⊆ I(G) and for each x ∈ H(G) we have Remark 6.11. Burns [Bur11] has also formulated a conjecture which generalises many refined Stark conjectures to the non-abelian situation. In particular, it implies Conjecture 6.8 (see [Bur11, Proposition 3.5 .1]). 6.5. The non-abelian Brumer-Stark conjecture. For α ∈ L × we define
where v p is the p-adic valuation on K. Let j ∈ G denote complex conjugation. We call α an anti-unit if
The following is a non-abelian generalisation of the Brumer-Stark conjecture ([Nic11a, Conjecture 2.7]).
Conjecture 6.12 (BS(L/K, S)). Let S be a finite set of places of K containing S ram ∪S ∞ . Then ω L · θ S ∈ I(G) and for each x ∈ H(G) and each fractional ideal a of L, there is an
and for each finite set T of primes of K such that Hyp(S ∪ S α , T ) is satisfied there is an
Remark 6.13. If G is abelian, we have
Hence it suffices to treat the case x = z = 1 in this situation. Then [Tat84, Proposition 1.2, p. 83] states that condition (6.8) on the anti-unit α is equivalent to the assertion that the extension
Remark 6.14. As in Remark 6.10, we obtain local conjectures BS(L/K, S, p) for each prime p.
If M is a Z-module and p is a prime, we put
∨ which is endowed with the contragredient G-action (gf )(m) = f (g −1 m) for f ∈ M ∨ , g ∈ G and m ∈ M . For every G-module M we write M + and M − for the submodules of M upon which j acts as 1 and −1, respectively. In particular, we will be interested in (cl Proposition 6.15. Let S be a finite set of places of K containing S ram ∪ S ∞ and let p be an odd prime. Suppose that for every finite set T of places of K such that Hyp(S, T ) is satisfied we have (θ
Then both BS(L/K, S, p) and B(L/K, S, p) are true. 
6.6. The Brumer-Stark conjecture and Iwasawa theory. The purpose of this subsection is to prove the following theorem.
Theorem 6.16. Let L/K be a finite Galois CM-extension of number fields with Galois group G. Let S and T be two finite sets of places of K satisfying Hyp(S, T ). Let p be an odd prime and let L(ζ p )
Remark 6.17. When the Iwasawa µ-invariant attached to L(ζ p ) ∞ vanishes, Theorem 6.6 recovers [Nic13, Theorem 4.5], which in turn is the non-abelian analogue of [GP, Theorem 6.5]. The main reason why some version of the µ = 0 hypothesis is assumed in these results is of course to ensure that the EIMC holds (see Remark 4.3). However, both results use a version of the EIMC that requires a µ = 0 hypothesis even for its formulation. For this reason our proof is very different from (though partly inspired by) those in [GP, Nic13] . Note that in [Nic13, §4] the identity (4.7) is implicitly assumed to hold.
Corollary 6.18. Let L/K be a finite Galois CM-extension of number fields. Let p be an odd prime and let S be a finite set of places of K such that Proof of Theorem 6.16. This proof will occupy the rest of this subsection and we shall prove several propositions and lemmas along the way. We first prove a reduction step.
Put L := L(ζ p ) and C := Gal(L /L). Then C is a cyclic group whose order divides 
The idempotent e C := |C| −1 c∈C c belongs to the group ring Z p [Gal(L /K)] and so Fitt
by Lemma 5.4 (iii). As Stickelberger elements also behave well under base change, i.e.,
we may assume without loss of generality that ζ p ∈ L. Note that as we are considering the p-parts we only need that E T L,S (p) is torsionfree, as opposed to the stronger requirement that E T L,S is torsionfree. Since S p ⊆ S and Hyp(S, T ) holds, this hypothesis is unaffected by replacing L with L(ζ p ).
For clarity, we now list the assumptions that we shall use for the rest of this proof (including the lemmas and propositions proved along the way). We can make these assumptions either for the reasons just explained or because they are direct consequences of our hypotheses. Note that
Assumptions. We henceforth assume that S, T are finite sets of places of K and that (i)
is torsionfree. Now taking p-minus parts of sequence (6.3) for S = S ∞ yields an exact sequence of
, where we place the first module in degree zero. For complexes
, respectively. Note that taking p-minus parts is an exact functor as p is odd. We also put
Proposition 6.19. There is an isomorphism
Proof. Proposition 6.2 describes the cohomology of
However, the Brauer groups Br(L w ) = Br(C) vanish for all archimedean places w of L and (Q/Z)
Using Proposition 6.5 and the assumption that E T L,S (p) is torsionfree, we likewise find that
Now sequence (6.4) and Lemma 6.3 together give an exact triangle
and thus we obtain the required isomorphism in
We now work at the 'infinite level' and use the techniques of Iwasawa theory. Let G := Gal(L ∞ /K), which we may write as G = H Γ where Γ Z p and H is finite (see §3.9). Let Γ 0 be an open subgroup of Γ that is central in G and recall from (3.1) that Λ(G) :
. Let j ∈ G denote complex conjugation (this an abuse of notation because its image in the quotient group G := Gal(L/K) is also denoted by j) and let
is also a free R-module of finite rank. For any Λ(G)-module M we write M + and M − for the submodules of M upon which j acts as 1 and −1, respectively, and consider these as modules over Λ(G + ) and Λ(G) − , respectively. We note that M is R-torsion if and only if both M + and M − are R-torsion. Furthermore, any R-module that is finitely generated as a Z p -module is necessarily R-torsion.
Let 
Recall that for a Z-module M we previously defined M (p) := Z p ⊗ Z M ; we shall use both notations M (p) and M (r) in the sequel, believing the meaning to be clear from context. We note that the property of being R-torsion is preserved under taking Tate twists.
For every place v of K we denote the decomposition subgroup of G at a chosen prime w ∞ above v by G w∞ (everything will only depend on v and not on w ∞ in the following). We note that the index [G : G w∞ ] is finite when v is a finite place of K.
Let L n be the nth layer in the cyclotomic
. We define A L∞ := lim − →n A Ln .
Lemma 6.20. We have isomorphisms
Proof. Recall that C T • (L n /K) is defined by the middle arrow of the sequence (6.10) for the layer L n . Taking the direct limit over all n gives an exact sequence of Λ(G) − -modules 
where the rows are exact triangles andd ∞ is an isomorphism in D(Λ(G) − ). Thus also Proof. Recall the definitions of w χ and γ χ from §3.2 and §3.3, respectively. It follows easily from the definitions that w χ = w χω . We claim that we have an equality We will henceforth assume that all ramified places belong to S. For v ∈ T we put ξ v := nr(1 − χ cyc (φ w∞ )φ w∞ ). 
where we have again used Lemma 5.4 (i). This completes the proof of Theorem 6.16.
